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' Abstract. The classification of even-homogeneous complex super- 

■ manifolds of dimension l|m, m < 3, on CP^ up to isomorphism is 

Q , given. An explicit description of such supermanifolds in terms of local 

^ ' charts and coordinates is obtained. 

Q 

CN ' 1. Introduction. The study of homogeneous supermanifolds with 

underlying manifold CP^ was started in [2]. There the classification of ho- 
O ' mogeneous complex supermanifolds of dimension l|m, m < 3, up to iso- 

Q I morphism was given. The purpose of this paper is to classify up to iso- 

r-| ' morphism even-homogeneous non-split complex supermanifolds of dimension 

' l|m, m < 3, on CP . Some other classification results concerning non-split 

complex supermanifolds on CP" can be found in [1, 5, 6]. 

The paper is structured as follows. In Section 2 we explain the idea of 
the classification. Similar idea was used in [2] by the classification of homo- 
geneous supermanifolds on CP^. In Section 3 we calculate the 1-cohomology 
group with values in the tangent sheaf. We use here an easier way than in 
[2], which permits to classify even- homogeneous supermanifolds. 

By the Green Theorem we can assign a supermanifold to each cohomology 
class of the 1-cohomology group. In Section 4 we find out cohomology classes 
CN I corresponding to even-homogeneous supermanifolds. Notice that these su- 

permanifolds can be isomorphic. The classification up to isomorphism of 
even- homogeneous complex supermanifolds of dimension l|m, m < 3, on 
^ . CP"*^ is obtained in Section 5. 
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2. Even-homogeneous supermanifolds on CP^. We study complex 
analytic supermanifolds in the sense of [2, 3]. If = {M-o^Om) is a su- 
permanifold, we denote by Aio the underlying complex manifold of Ai and 
by Om the structure sheaf of A^, i.e. the sheaf of commutative associative 
complex superalgebras on A^o- Denote by Tm the tangent sheaf of Ai, i.e. 
the sheaf of derivations of the structure sheaf Om- Denote by (Tm)o C Tm 
the subsheaf of all even vector fields. An action of a Lie group G on a super- 
manifold Al is a morphism u = [uq, u*) : G x Ai ^ Ai such that it satisfies 
the usual conditions, modeling the action axioms. An action u is called even- 
transitive if uq is transitive. A supermanifold Al is called even-homogeneous 
if it possesses an even-transitive action of a Lie group. 
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Assume that Aio is compact and connected. It is well-known that the 
group of all automorphisms of Ai, which wc denote by AutA^, is a Lie 
group with the Lie algebra H^{M.q, (Tm)o)- (Recall that by definition any 
morphism of a supermanifold is even.) Let us take any homomorphism of 
Lie algebras : g — )■ H^{M.q, {7'M)d)- We can assign the homomorphism of 
Lie groups $ : G — > Aut M. to ip, where G is the simple connected Lie group 
with the Lie algebra g. Notice that $ is even-transitive iff the image of Q in 
-f/°(A^O) (Tm)o) generates the tangent space T^(A^) at any point x G A^o- 

In this paper we will consider the case Mo = CP^ Therefore, the clas- 
sification problem reduces to the following problem: to classify up to iso- 
morphism complex supermanifolds M. of dimension l|m, m < 3, such that 
H^{Aio, (Xm)o) generates the tangent space Tx{Ai) at any point x G M.o. 

Recall that a supermanifold Ai is called split if Om — A^j where £^ is a 
sheaf of sections of a vector bundle E over A^o- In this case dim Ai = n\m, 
where n = dimAio and m is the rank of E. The structure sheaf Om of a 
split supermanifold possesses by definition the Z-grading; it induces the Z- 
grading in Tm — ©^_i(Tm)p- Hence, the superspace H'^{M.o,Tm) is also 
Z-graded. Consider the subspace EndE C H'^{M.o,Tm)o consisting of all 
endomorphisms of the vector bundle E, which induce the identity morphism 
on A^o- Denote by AutE C EndE the group of automorphisms containing 
in EndE. We define an action Int of AutE on Tm by IntA : v i-> AvA"^. 
Since the action preserves the Z-grading, we have the action of AutE on 

^'(■Mo,(r». 

We can assign the split supermanifold gi A4 = (AlojC^grA^) to each su- 
permanifold At, see e.g. [2]. It is called the retract of At. To classify 
supermanifolds, we will use the following corollary of the well-known Green 
Theorem (see e.g. [2] for more details). 

Theorem 1. [Green] Let Af = (Afo, A^) ^P^^^ supermanfold of dimen- 
sion n\m, where m < 3. Then classes of isomorphic supermanifolds M. with 
the retract gr Al = Af are in bijection with orbits of the action Int of the 
group AutE on H\Mo, (T ^)2). 

Remark. This theorem permits to classify supermanifolds A4 such that 
gr A4 is fix up to isomorphisms which induce identity morphism on gr A4 . 

In what follows we will consider the case Aio = CP^. Let Af be a super- 
manifold of dimension l|m. Denote by Uq and Ui the standard charts on CP^ 
with coordinates x and y = \ respectively. By the Grothendieck Theorem 
we can cover gr Af by two charts {Uq, CgrA^lc/o) and (L^i, CgrA^lc/J with local 
coordinates x, ^i, . . ■ , Cm and y, ?7i, . . . , rjm-i respectively, such that in Uq fl U\ 
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we have 

where fcj, i — l,...,m, are integers. We will identify grA4 with the set 
(fci, .... km)- Note that a permutation of ki induces the automorphism of 
grA^. It was shown that any supermanifold gr is even-homogeneous, see 
[2], Formula (18). The following theorem was also proved in [2], Proposition 
14: 

Theorem 2. Assume thatm < 3 andMo = CP^. Let Ai be a supermanifold 
with the retract grM. = f\£, which corresponds to the cohomology class 
7 e H^{M.Q, {Tg[M)2) by Theorem 1. The following conditions are equivalent: 

1. The supermanifold M. is even-homogeneous. 

2. There is a subalgebra a ~ sl2(C) such that 

H\Mo, {%rM)o) = EndE^a, (1) 

and [v,7] — Q in H^{M.o, {TgrM)2) for all v E a. 

Here E is the vector bundle corresponding to the locally free sheaf S. 

From now on we will omit the index gr Ai and will denote by T the sheaf 
of derivations of Og^M- Recall that the sheaf Og^M is Z-graded; it induces the 
Z-grading in T = 0^ Tp. Denote by H^{CF\ 7^)" C H\CF\ T2) the subset 
of a-invariants, i.e. the set of all elements w such that [v, = for all f e a. 
The supermanifold corresponding to a cohomology class 7 e H^{C^^,'T2)°' 
by Theorem 1 is called a- even-homogeneous. 

The description of subalgebras a satisfying (1) up to conjugation by ele- 
ments from Aut E and up to renumbering of ki was obtained in [2] : 

1) a = 5=(e=|:,f = ^,h=[e,f]). 

2) a = 5' = (e' = £ + f = I + m^, h' = [e', f ]) if k, = k,. 

3) a = V' = (e" = £ + 64 + f" = i + 2r,,4 + 2^,^, h" = [e", F]) 
if ki^ ks. 

3. Basis of i/^(CP\72)- Assume that m = 3. Let be a split super- 
manifold, Aio — CP^ be its reduction and T be its tangent sheaf. In [2] the 
s-invariant decomposition 

T2^J2^' (2) 

i<j 

was obtained. The sheaf 7^^ is a locally free sheaf of rank 2; its basis sections 
over {Uq, Om\uo) are: 

Ujg^, 66-6^; (3) 
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where I ^ In Uq fl Ui we have 

dii dr]i 

Let us calculate a basis of H^{CF^,T^^). We will use the Cech cochain 
complex of the cover it = {Uq, Ui}. Hence, 1-cocycle with values in the sheaf 
7^^ is a section v of 7^^ over Uq f] Ui. We are looking for basis cocydes, 
i.e. cocycles such that their cohomology classes form a basis of H^{ii, 7^-') ~ 
H'^{C¥^,7^^). Note that if v G Z\ii,7^^) is holomorphic in Uq or Ui then 
the cohomology class of v is equal to 0. Obviously, any v e Z^{ii,7^-') is a 
linear combination of vector fields (3) with holomorphic in UoHUi coefficients. 
Further, we expand these coefficients in a Laurent series in x and drop the 
summands x^, n > 0, because they are holomorphic in Uq. We see that v 
can be replaced by 

oo rj oo rj 

n=l n=l 

where a^j^h^j G C. Using (4), we see that the summands corresponding to 
n > ki + kj — 1 va. the first sum of (5) and the summands corresponding 
to > fcj + kj in the second sum of (5) are holomorphic va. Ui. Further, it 
follows from (4) that 

X l^ix 

Hence the cohomology classes of the following cocycles 



x ^ ! 1^ — 1, . . ., ki -\- kj 3, 



d_ 

' dx ' 

-n 9 _ 

X ^^i^j^l'^i Tl = 1, . . .,ki -\- kj — 1, 



(6) 



generate H\CF\r2^). If we examine linear combination of (6) which are 
cohomological trivial, we get the following theorem. 

Theorem 3. Assume that i< The basis of H^{CF\ T^^) 

1. is given by (6) if ki + kj > 3; 

2. is given by 
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if ki + kj — 3;' 

3. is given by 

ifki + kj = 2, ki = 0. 

4. // ki + kj = 2,ki^0orki + kj < 2, we have H\C¥\ 7^^) = {0}. 

Note that the similar method can be used for computation of a basis of 
H\C¥\rq) for any m and q. 

4. Basis of iy^(CP\7^)". Let us calculate a basis of //^(CP\7^)^ The 
decomposition (2) is s-invariant, hence, 

i<j 

Denote by [z] the cohomology class corresponding to a 1-cocycle z. 
Theorem 4. Let us fix i < j and I ^ Then 

1) h\cf\t;'y = + ^fh + k, = A, 

2) H\C¥\7;^Y = tfh + k, = 2,h = 0, 

3) H\CF\T^^y = {0} otherwise. 

Proof. We have to find out highest vectors of the s- module H^{C¥^,T^^) 
having weight 0. By Propositions 8 and 9 of [2], any cocycle z from the 
Theorem 3 fulfils the condition [h, z] — Xz. More precisely, A = if 2; = 
x~''iiij^, 2r = ki + kj - 2 z = x~'^iiijii-§^^, 2r = h + kj. If we examine 
linear combination w of these cocycles such that [e, w] ~ 0, we obtain the 
result of the Theorem. □ 

Theorem 5. Assume that i/^(CP^, 72)^^' 7^ 0. Then we have the following 
possibilities: 

1) {ki,k2,ks) — (2,2,1) and a basis of H^{C¥^ ,%y' is given by 

1 d 1 d 1 d 1 d 

2) {ki,k2,ks) = (2,2,3) and a basis 0/ if^(CP\ 72)^' is given by 

1 d J^^^^ji "''2^^^^^^'^^^]' ^ Q (8) 

3) {k^MM) = (2,2,A;3), k^ ^ 1,3; {k^MM) = {k,k,3-k), k ^ 2 or 
(^1,^2,^3) = {k,k,5- k),k^2 or {kx^k^^k^) = (1,1,0). Then 

dimH\C¥\r2y' = 1 
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and a basis 0/ i/^(CP\ 7^)*' is given by the following cocycles: 

[^^269^ + ^66^ + 3^666 a|7 - 0666 (9) 

[^666^], 

respectively. 

Proof. Use similar argument as in Theorem 4.n 

The calculation of i/^(CP\7^)^ and //^(CP\7^)*' was already done in 
[2], Proposition 19 and Proposition 21, using more difficult methods. Note 
that the case 2 of Theorem 4 and the case {ki, k2, k^) = (1,1, 0) of Theorem 
5 was lost in [2]. Furthermore, in [2] the following theorem was proved, see 
Proposition 22. 

Theorem 6. Assume that i/^(CP^, 72)^ " 7^ 0. Then we have the following 
possibilities: 

1) {kiMM) = (2,2,2) and the basis o/i7^(CP\7^)^" is given by 
1 d 1 d 1 d 

[^666^ - ^666^ + ^666^]; (lO) 



2) {ki,k2,ks) — (3,3,3) and the basis of H^{C¥^,T2Y" is given by 

g [^66^ + 2^^66^^+ ^66£ ^ 

+ 81^666 0^ - 4|3666a|J + ^^1^2^3q^]- 



(11) 



5. Classification of even-homogeneous supermanifolds 

In Section 4 we calculated a basis of H\C¥\T2Y and H\CF\T2Y' and 
gave a basis of if^(CP^, 72)^", which were calculated in [2]. In this section 
we will complete the classification of even-homogeneous supermanifolds, i.e. 
we will find out, which vectors of these spaces belong to different orbits of 
the action of AutE on i/i(CP\7^). 

Let (^j) be a local basis of E over Uq and A be an automorphism of E. 
Assume that ^(6) = 1^ ^1 have 

MVj) = My^'^j) = ^/^-'*a,,(y-^)r7,. 

Therefore, aij{x) is a polynomial in x of degree no greater than kj — ki, if 
kj — ki > and 0, ii kj — ki < 0. We will denote by bij the entries of the 
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matrix B — A ^. The entries are also polynomials in x of degree no greater 
than kj — ki. We will need the following formulas: 

^(66^4)^-^ = det(A) hUii2iz^;, 

M^i^o-k)^-' = det(A) E,<,(-l)'+^6,,a6^+ ^12) 
+ det(A)E.6U.C,6at. 

where i<jj^ i, j, r^k.s and 6$^ = 

Theorem 7. [Classification of s-even-homogeneous supermanifolds.] 

1. Assume that 

{k,A-K h} 7^ {-2, 0, 4}, {k, 2 - fc, 0} ^ {-2, 0, 4} 

as sets. Then there exists a unique up to isomorphism s-even-homogeneous 
non-split supermanifold with retract 

a. {ki,A — ki, k^), which correspond to the cocycle 

b. {k,2 — k,0), which correspond to the cocycle 

2. There exist two up to isomorphism s-even-homogeneous non-split su- 
permanifolds with retract (—2,0,4). The corresponding cocycles are 



Proof. Since m = 3, the number of different pairs i < j is less than or equal 
to 3. It follows from the Theorem 4 that dimf/i(CP\ 7^)^ < 3. It is easy to 
see that dim//^(CP\ 7^)* = 3 if and only if ki ^ k2 ^ k^ ^ 2. Let us take 
A e AutE = GL3(C). Recall that IntA{z) = AzA~^. The direct calculation 
shows, see (12), that in the basis 

^^3 = ^66^ + ^666^, 

the automorphism Int A is given by 

Int A{vi) = det A ^ bijVj. (13) 
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Note that for any matrix C e GL3(C) there exists a matrix B such that 
C — diTB^- Indeed, we can put B — -^==C. Let us take a cocycle 
z = Y^diVi e H^{C¥^,T2Y \ {0}. Obviously, it exists a matrix D e GL3(C) 
such that D{z) = (0, 0, 1). Therefore, in the case (2, 2, 2) there exists a unique 
up to isomorphism s-even-homogeneous non-spht supermanifold given by the 



cocycle i^i^J^ + M^U^^;. 

Assume now that dimi7^(CP^, = 2. Let us consider three cases. 

1. Assume that i7^(CP^, 72)^ is generated by two cocycles from the item 1 of 
Theorem 4. Obviously, we may consider only the case ki+k2 — 4:, fci + Zcs = 4. 
It follows that k2 = k^. Denote k2 := k ^ 2. Let us take z E /i'^(CP\7^)« \ 
{0}. Then . = f + tCi^2^si; + !66£ + ^^1664. The group 

Aut E contains in this case the subgroup H: 

an 

H:^{{ a22 a2s \}. (14) 
ass 

Let us take Ae H, denote vi := + il^Ci^Cs^' ^2 — + 

^CiC2Cs^- Using (12) or (13) we see that the operator Int A is given in the 
basis vi, V2 by: 

^22 ^23 



detA 



&32 ^33 



Obviously, for any cocycle z = (— /3, a) 7^ there exists a matrix C G GL3(C) 
such that C{z) = (0,1). Therefore, in the case (4 — k,k,k) there exists a 
unique up to isomorphism s-even-homogeneous non-split supermanifold given 
by the cocycle i^i^f + ^1^2^^^^. 

2. Assume that if^(CP^,72)* is generated by two cocycles from the item 2 of 
Theorem 4. We may consider only the case /ci + A;2 = 2, ki + k^ = 2, k2 = k^ = 
0. It follows that iki,k2,ks) = (2,0,0). Let us take z e H\CF\T2Y \ {0}. 
Then z = f 666^ + f 666^, where a, /S e C. As above, the group 
AutE contains the subgroup H given by (14). As above using the basis 
vi — ^^i^2^3-^, V2 — |^i^2^3^, we show that in the case (2, 0, 0) there exists 
a unique up to isomorphism s-even-homogeneous non-split supermanifold 
given by the cocycle ^666 af;- 

3. Assume that iJ^(CP^,72)^ is generated by one cocycle from the item 1 
and by one cocycle from the item 2 of Theorem 4. We may consider only 
the case k2 + k^ = 4, ki + k^ = 2, k2 = 0, i.e. (/ci, k2, k^) = (—2, 0, 4). Let us 
take z e H\CF\r2y \ {0}. Then z - f^^l: - ^66^4 + f^i^^l; 
for certain a, /3 e C. Let us take A e Aut E. Using Theorem 3 and 12, we 
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get 

^([^66^])^-^ = [&iidetA(i66i + (&i2)'^6664)]; 

^([^6664])^-^ = [det 71(622^6664)], 

where (612)' := ^{bu)- Consider the subgroup H= {diag(aii, 022, a.33)} of 
AutE. Let us choose the basis Vi = ^66^ - ^2666^' ^2 = |666^ 
and take A & H. Then the operator Int A is given by the matrix 

(det A) diag(&ii,&22) 

in the basis Vi, V2. Obviously, for any cocycle 2; = (a, /3) 7^ there exists an 
operator Int A such that: Int A{z) = (1, 1), if a ^ 0, /? 7^ 0, Int A{z) = (0, 1), 
if a = 0, /3 7^ 0, Int A{z) = (1, 0), if a 0, /3 = 0. Let us take 



A = \ 1 e Aut E. 




The direct calculation shows that A{vi)A~^ = f 1 + f2- In other words, vi 
and vi + V2 corresponds to one orbit of the action Int. Since 611 7^ 0, we see 
that the cocycles (0, 1) and (1, 0) correspond to different orbits of the action 
Int. 

In the case dimf/^(CP^,72)* = 1 we may use the following proposition 
proved in [4]. 

Proposition 1. //7 G i/^(CP^, T2) c e C \ {0}, then 7 and 07 correspond 
to isomorphic supermanifolds. 

Theorem 7 follows. □ 

Theorem 8. [Classification of s'-even- homogeneous supermanifolds.] 1. 

There exist two up to isomorphism s' -even-homogeneous non-split superman- 
ifolds with retract 

a) (2,2, 1), which correspond to the cocycles 

^ccc*^ ^ c d c ^ c <: <: ^ 

-66^ — ^ 7r^666^^, —^666 "^7 666^^5 

X ox 2x^ 0^3 Ot,2 X 0^1 

b) (2,2,3), which correspond to the cocycles 

^66^ + 21^^1^264' 
^66 + ^66 + 3^666^17 - 3^666 g^;- 
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2. There exists a unique up to isomorphism s' -even-homogeneous non-split 
supermanifold with retract 

a) {2,2, k), /c 7^ 1,3; which corresponds to the cocycle 

1 . . 5 k d 

b) {k,k,3 — k), k ^ 2, which corresponds to the cocycle 

^66^3 ^^2^3;^, 

c) {k,k,h — k), k ^ 2, which corresponds to the cocycle 

l.a I . . d k ^ ^ B '2k ... d 

d) (1, 1,0), which corresponds to the cocycle 

X 8^3 

Proof. By Theorem 5 and Proposition 1 we get 2. 

Let us prove l.a Denote by z a linear combination of cocycles (7). Let us 
take A e AutE. Using (12), we get: 

^^2^)^-' = [det ^(633^66^ + (63i)'i666|r+(632)'i66e34)]; 

A([^6664])^-^ = [detA(633^66e34+&32^6664+ 
+^3i^6S^3^)]; 

A([^ei6e34])A-i=[dct/i(&2i^ei6e3|r+^22i.ei6e34)], 

A([i6664])^-'=[detA(6ni66e34+&i2i6664)]- 

Consider the subgroup if = {diag(aii. an, 033, )} of Aut E and A E H. Again 
a direct calculation shows that in the basis fi = ^<^ii^2^ + -^^1^2^?,-^^, ^2 = 
^2 666^- ^666^ the automorphism Int A is given by (det A) diag(633, 611). 
Clearly, for z = (a, /3) ^ 0, there exist an operator Int A such that: Int A{z) = 
(1, 1), if a 7^ 0, /3 7^ 0, Int A{z) = (0, 1), if a = 0, /3 7^ 0, Int A{z) = (1, 0), if 
a 7^0, ^ = 0. 
Let us take 

/ 1 0\ 
A= [ 11, 
V-fx 2 ij 
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A direct calculation shows that A{vi + V2)A~^ — vi. Since 633 7^ 0, we see 
that the cocycles (0, 1) and (1, 0) correspond to different orbits of the action 
Int. We have got la). The proof of lb) is similar. The result follows. □ 

Theorem 9. [Classification of s"-even-homogeneous supermanifolds.] There 

exist a unique up to isomorphism 5" -even-homogeneous non-spht superman- 
ifold with retract (2,2,2), which corresponds to the cocycle (10); and with 
retract (3,3,3), which corresponds to the cocycle (11). 

Proof. It follows from Theorem 6 and Proposition l.D 

Comparing Theorems 7, 8 and 9, we get our main result: 

Theorem 10. [Classification of even-homogeneous supermanifolds.] 

1. There exist two up to isomorphism even-homogeneous non-spht super- 
manifolds with retract 

a) (2, 2, 1), which correspond to the cocycles 

^ c c ^ ^cec^ ^ c c c ^ ^ c c c ^ 
X ox Ix'^ oE,3 (742 X 0^1 

b) (2,2,3), which correspond to the cocycles 

^66^ + 21^666^, 

c) (2,2,2), which correspond to the cocycles 



d) (—2,0,4), which correspond to the cocycles 

c c ^ c ^ ^ c c c 9 

-C,lC,2C,3^—, -C,2C,3^ 

X Ot,2 X OX X'^ 0^1 

2. a) Assume that 

{k,4-k,h}^ {-2,0,4}, {2,2,1}, {2,2,3}, {2,2,2}. 

Then there exists a unique up to isomorphism even-homogeneous non-split 
supermanifold corresponding to the cocycle 

X OX 2x^ 0^,3 
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b) Assume that 



{k,2-k,0}^{-2,0A}- 



Then there exists a unique up to isomorphism even-homogeneous non-spht 
supermanifold corresponding to the cocycle 



There exists a unique up to isomorphism even-homogeneous non-spht 

supermanifold with retract 

c) {k, k,3 — k), k ^ 2, which corresponds to the cocycle 



d) (3,3,3), which corresponds to the cocycle (11). □ 

By the similar argument as in [2], Corollary of Theorem 1, we get: 
Corollary. Any non-split even-homogeneous supermanifold Ai of dimension 
1|2, where Mo = CP\ is isomorphic to Q^'^. 

Here Q^'^ is the (homogeneous) supermanifold corresponding to the co- 
cycle .x^^^i^2^ (see [2] for more details). 

Remark 1. Theorem 10 gives rise to a description of even-homogeneous 
super manifolds in terms of local charts and coordinates. Indeed, let Ai be 
any supermanifold of dimension l|m, m < 3, with underlying space CP^, v 
be the corresponding cocycle by Theorem 1 and (Uq, OgrM\uo): {Ui-, OgrMlui) 
be two standard charts of the retract gr with coordinates {x, ^1,^2, Cs) 
(y, ?7i, 772, ^73), respectively. In UoHUi we have: 



Consider an atlas on M.: {Uo,Om\uo), {Ui,Om\ui), with coordinates 
{x', C3) {y', !][, 1)2, 773), respectively. Then the transition function of 
M. in UqDUi have the form 



Remark 2. The supermanifold Ai with the retract (A;, 2 — A;, 0), correspond- 
ing to the cocycle ^^^2^3^) which was lost in [2], in even- homogeneous but 
not homogeneous. Hence the main result in [2], Theorem 1, is correct. 





y^x 



1 



Vi^x-'^'^i, 1,2,3. 



y' = {id+v){x'-'), ri, = (id+^;)((x')-'=^eD, i 



= 1,2,3. 
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